We have derived a constitutive equation to explain the extensional dynamics of oligomer-diluted monodisperse polymers, if the length of the diluent has at least two Kuhn steps. These polymer systems have a flow dynamics which distinguish from pure monodisperse melts and solutions thereof, if the solvent has less than two Kuhn steps, e.g. is not a chain. The constitutive equation is based on a phenomenological tube-based model within the methodology of the molecular stress function approach. The nonlinear dynamics have been explained as a consequence of a constant thermal interchain pressure originating from the short polymer chains (e.g. the oligomers) on the wall of the tube containing the long chains. The nonlinear dynamics are uniquely defined by the Rouse time and the maximal extensibility of the long polymer chains. Both are linked to the entanglement length. The relation between the Rouse times and entanglements have been established based on published extensional experiments on nearly monodisperse polystyrene melts. The constitutive equation has shown agreement with the experimental startup of and steady extension data from Huang et al. (Macromolecules 46:5026-5035, 2013a) based on 285 and 545 kg/mol polystyrenes diluted in styrene oligomers containing 3.3 (1.92 kg/mol) and 7.3 (4.29 kg/mol) Kuhn steps.
Introduction
The shaping of molten polymers in a polymer production into plastic products is of key importance for our way of life. The understanding of the complex flow behaviour of polymer melts is needed to predict the design of polymer processing operations. This field was initiated by phenomenological-based differential constitutive equations models as the Giesekus (1962) and later the Phan-Thien and Tanner (1977) model. These are versatile models which still are widely used to describe the flow on entangled polymer systems. They preceded the attempt to obtain an exact understanding of the physics of the dynamics of polymers initiated by Doi and Edwards (1978) . It was based on the tube idea by De Gennes (1971) . More recent developments involve the introduction of stochastically based models (Park et al. 2012) , although these models sometime are identical to an integral approach as the Doi and Edwards equation. The idea behind these theoretical efforts is to understand the complex flow behaviour of polymer solutions and particular polymer melts.
In experimental efforts, extensional measurements are of particular interest, as they are very sensitive to changes in flow behaviour. This was particularly seen in the measurements on (nearly) monodisperse polymer melts (Bach et al. 2003b ) and corresponding entangled solutions (Bhattacharjee et al. 2002) . These measurements were expected to represent the same flow physics in line with the preceding theoretical developments, but the extensional viscosities of the melts differed profoundly from the corresponding solutions. It motivated the recent theoretical developments (Andreev et al. 2013; Yaoita et al. 2012; Park et al. 2012) in an effort to create an unified theoretical framework. This effort was challenged by the recent experimental work by Huang et al. (2013a, b) measuring the extensional viscosities on styrene oligomer-diluted polystyrenes. These measurements showed that entangled polymer systems have more complex flow physics than expected. Particularly, the increase of the oligomer length above two Kuhn steps changes the dynamics significantly. Nearly monodisperse polymer melts diluted with an oligomer with a length of two Kuhn step or larger differ from the dynamics of both solutions and pure melts (Rasmussen and Huang 2014) . Here, we will try to quantify the dynamics of these dilutions. Although these oligomer dilutions are theoretical ideal materials, they resemble most polymer melt systems closely.
Rouse time
The ideas of the confining tube of De Gennes (1971) and the constitutive model by Doi and Edwards (1978) are based on a purely orientational stress. The model by Marrucci and Grizzuti (1988) introduced chain stretch into the tube model. It quantified a strain hardening regime for flow faster than the transition rate 1/τ R , where τ R commonly is referred to as the Rouse time. It always needs to be evaluated relative to the maximal relaxation time τ max of the ideally monodisperse polymer, in a dilution or not. The maximal relaxation time, relative to the transition from the flow to the glassy regime, follows the well-established relation of τ max ∝ Z 3.4 (Milner and McLeish 1998) , where Z is the number of entanglements of the polymer. Z = M/M e , where M e is the entanglement molecular weight and M the molecular weight of the polymer. An evaluation of the Rouse time (e.g. τ R /τ max ) depends highly on the used theoretical concept (Larson et al. 2003; Osaki et al. 2000 Osaki et al. , 2001 Likhtman and McLeish 2002; Menezes and Graessley 1982) , whereas all definitions imply a unique dependence of the entanglement number for a particular type of polymer.
The actual values of the Rouse time depend on the used theoretical approach. Experimentally, we use uniaxial extensional measurements on nearly monodisperse melts. These melts are theoretically the most ideal polymer and uniaxial extension flow is highly sensitive to strain hardening. We use the method introduced by Wagner et al. (2005 Wagner et al. ( , 2010 where the Rouse time is obtained by fitting the following model directly to the extensional measurements. This approach predicts, within the experimental accuracy, all the extensional data and not only the onset of the initiation of strain hardening, which commonly is used to identify the Rouse time in rheometry. The stress tensor, σ ij , is given as follows:
where the stretch evolution is of the interchain pressure (Marrucci and Ianniruberto 2004) type
The initial value f (x, t , t ) = 1. M(t − t ) is the memory function containing the linear dynamics of the polymer. All the angular brackets are a unit sphere integral defined as
where u is a unit vector. Analytical formulas involving all the unit sphere integrals can be found in Urakawa et al. (1995) for the relevant extensional flows. The components of the displacement gradient tensor E(x, t, t ) are E ij (x, t, t ) = ∂x i /∂x j , i = 1, 2, 3 and j = 1, 2, 3 in Cartesian coordinates. x 1 , x 2 , x 3 are the coordinates of a particle in the reference state displaced to the coordinates (x 1 , x 2 , x 3 ) in the present state at time t and t, respectively. This approach has been used previously by Wagner et al. (2005) on narrow molecular weight distributed (NMMD) polystyrene melts. Here, we will apply it on a larger number and broader range of molecular weight of NMMD polystyrene melts. Further in the determination of the linear dynamics of our samples, we apply the method by Baumgaertel, Schausberg and Winter (BSW) Baumgaertel et al. (1990) , actually in the version introduced by Baumgaertel and Winter (1992) . The memory function is
h(x) is the Heaviside step function, where n e , n g , τ c and G 0 N are parameters with a unique value for each type of polymer. τ c is the time scale for the transition to the glassy regime and G 0 N the plateau modulus. Table 1 lists the relevant parameters for the NMMD polystyrenes at 130 • C. The origin of the measured data is quoted in the table.
Most of the needed BSW parameters can be found in Rasmussen and Huang (2014) . The remaining BSW parameters are obtained by data fittings to the BSW model using the method from Rasmussen and Christensen (2000) . The measurements with these corresponding BSW fittings are shown in Fig. 1 . As in Rasmussen and Huang (2014) , we use the fixed values n e = 0.2 and n g = 0.7 for all involved polystyrene samples including the dilutions. Furthermore, we use the entanglement molecular weight of M e = 13.3 kg/mol (Bach et al. 2003b ) for polystyrene, where Z = M w /M e is the number of entanglements. M w and M n are the weight and number of average molecular weight, respectively. The Kuhn step length, M K , defined in terms of molecular weight, is 0.6 kg/mol according to Fang et al. (2000) for polystyrene. Notice with the exception of the 51.7 (PS52k) and 102.8 kg/mole (PS103k) polystyrenes, we have applied the plateau modulus of G 0 N = 250 kPa at 130 • C (Bach et al. 2003b) . (Bach et al. 2003b ), PS145k (Nielsen et al. 2008 ), PS103k and PS52k (Nielsen et al. 2006) . The triangles are the PS285k/PS2k blend with θ = 0.44 from Huang et al. (2013a) All extension measurements presented in this paper were performed in the filament stretching rheometer (FSR) (Bach et al. 2003a) . In this FSR, a cylindrical-shaped molten sample, with initial axial height L i and radius R i , is attached to two parallel solid cylindrical rods. A controlled separation of these rods extends the sample. The strain is obtained as
, where R(t) and R 0 are the present (at time t) and initial (t = 0) central radius of the sample, respectively. R 0 may be smaller than R i as the sample may have been pre-stretched. In the calculation of the (average) extensional stress, the method from Rasmussen et al. (2010) is applied. It is calculated as follows:
. (5) F (t) is the total axial force, g the gravitational acceleration and m f is the weight of the sample, e.g. the filament. This formula ensures, within 3 %, a correct evaluation of the initial extensional stress, as an extra shear contribution may add to the measured elongational force during the initiation of the extension in the FSR. For further discussions, please refer to Spiegelberg et al. (1996) , Szabo (1997) , Kolte et al. (1997) and Rasmussen et al. (2010) . We have applied (5) on all presented extensional measurements. This is particularly important on the PS52k, PS103k, PS145k, PS200k and PS390k data as these preceded the appearance of Eq. 5. The best possible functional relation between the entanglement number and the Rouse time seems to be an equation given as follows:
It is based on the start-up of extension measurements on the NMMD polystyrene melts shown in Fig. 2a of Z 2 . It may be due to the low number of entanglements in these NMMD melts covering the range of about 4 to 41. Figure 3 includes the startup of extension data followed by stress relaxation. The stress relaxation has initiated a strain of 0 where the strain value is fixed (in Fig. 3 at a strain of 3), e.g. zero extension rate. The viscosity during the stress relaxation is defined similar to the startup viscosity asη − = (σ 33 − σ 11 )/˙ , where˙ is the extension rate during the startup of the flow. These measurements are currently the only one published for stress relaxation of NMMD polystyrene. They are of particular interest as the time derivative or rate term in Eq. 2 is zero during stress relaxation. Therefore, the theoretical agreement with the stress relaxation data confirms both a stretch evolution of the 'interchain pressure' type and the actual value of the Rouse time.
Interchain pressure
As discussed in Rasmussen and Huang (2014) , we have to distinguish not only between polymer melts and solutions, but there is also a change of flow physics if the used diluent contains two or more Kuhn steps. An oligomer containing less than two Kuhn steps is not a chain. For polystyrene, the molecular weight of one Kuhn step, M K , is 0.6 kg/mol Fig. 3 The startup of extensional measurements,η + , followed by stress relaxation dataη − , initiated a strain of 0 = 3, as a function of the time. The sample is the PS145k melt measured at a temperature of 120 • C. The time-temperature superposition shift factor from 120 to 130 • C is 23. The solid lines are the corresponding prediction to the data from Eq. 2. The dotted line is the linear viscoelastic predictions based on the parameters listed in Table 1 using Eq. 4 (Fang et al. 2000) and it is expected to be independent of a dilution with an ideal solvent.
The diluent, with at least two Kuhn steps, is assumed to be in a random state as the time dynamics of the short chains are much faster than the flow. Its random motion will impose a thermal pressure on the tube wall of the larger molecule. Doi and Edwards (1986) provided the following relation for the thermal pressure on the tube wall.
This relation is now a classical kinetic theory. T is the temperature, k is Boltzmann constant, where kT represents the thermal energy. N is the number of Kuhn segments in the short chain, where b is the length of these segments. V is the volume, where L V is its length dimension, containing a short chain. Equation 2 was based on the assumption that in a monodisperse melt, all chains are surrounded by the same type of chains affecting each other during the extension (Marrucci and Ianniruberto 2004) . It changes the thermal pressure on the tube wall during flow. Assuming that all the surrounding chains are in a random configuration lead to another dynamic. Inspecting Eq. 7 the consequence is a constant thermal pressure, p 0 . This constant pressure is imposed by the short diluent chains in the direction orthogonal to the tube interface. The pressure, p 0 , acts on the tube wall containing the long molecule with a force as follows:
L and a are the length and diameter of a tube containing the long polymer, where θ is the weight fraction of the long chain in the dilution. It is expected that both the short chains and the long ones are the same type of polymer. ζ is the friction coefficient. β is a nonzero number. This force, F s , is assumed to be opposed by the friction of the long chain against the short ones inside the tube.
The friction is here expected to be dependent on the volume of the tube, as the long chain slides along the random-oriented short ones inside the tube.
At limited deformation, the tube diameter changes its radius as a combined effect of affine deformation (β = 1) and some amount of convective constraint release (Marrucci 1996) as follows:
where 1 ≥ β > 0. Convective constraint release is expected to eliminate obstacles with the same rate as in the extension. This reduces the effect of the affine contraction of the tube. The thermal pressure originating from the short polymers does not account for the rate term. It is therefore expected to be related to the friction term alone. The proportionality
follows, as the thermal pressure opposes the friction. The (1 − a/a 0 ) term ensures equilibrium at zero extension rate, as a 0 is the equilibrium value of a. A variety of constitutive concepts have been suggested in the past decades. Here, we follow the method of Wagner et al. (2005 Wagner et al. ( , 2010 using the molecular stress function (MSF) approach. Its use needs a change of variables in Eq. 13. The inverse of the relative tube diameter is replaced with the molecular stress function f = a 0 /a and the terms connected to the extension rate,˙ , need to be replaced with an appropriate scalar description. We then obtain the following:
or as the Rouse time represents the onset of the strain hardening
where τ R is the Rouse time. Notice that the dependence of x, t and t on f is omitted in the notation. This equation for diluted melts is distinctly different from the corresponding constitutive equation for polymer solutions where the friction is balanced by a linear spring force (Pearson et al. , 1990 . In a MSF formulation, this is presented as follows:
according to Wagner and Rolón-Garrido (2010) . Figure 4 shows the start up of extensional viscosity for the most diluted, θ = 0.44, polystyrene (44 % PS285k in 56 % PS2k) sample from Huang et al. (2013a) . Here, θ represents the weight fraction of the long chain in the dilution. We have added the theoretical prediction of Eqs. 2, 15 and 16. The Rouse time, τ R , uniquely defines the nonlinear dynamics of these equations. τ R is expected, as in the linear dynamics, to Table 2 using Eq. 4
Maximum extensibility
depend solely on entanglement number, Z. For polystyrene, this relation is given by Eq. 6. The entanglement molecular weight in the diluted polystyrenes is expected to be M e,θ = M e /θ as our diluent is the most ideal one (Huang et al. 2013a) . It follows that
The Rouse time is then calculated using Eq. 6. The linear viscoelastic parameters are given in Table 2 based on the data from Huang et al. (2013a, b) . With one exception, these were fitted by Rasmussen and Huang (2014) . The remaining data fittings are shown in Fig. 1 . Note that the plateau modulus for the diluted samples is G 0 e,θ = θ 2 G 0 N according to Huang et al. (2013a) , where G 0 N = 250 kPa at a reference temperature of 130 • C.
The difference between the extensional dynamics of pure NMMD melts and diluted samples was experimentally documented by Huang et al. (2013a, b) . So as expected, the melt dynamics characterized by Eq. 2 are up to a factor of five below the extensional measurements. The well-known Rouse type of behaviour, represented by Eq. 16, overestimates the stress level at all rates. A tube model based on the idea of a constant interchain pressure (CIP) in Eq. 15 seems to capture the strain hardening accurately, at low and intermediate extension rates. At higher extension rates, the lack of a maximum extensibility results in a severe increase in the extensional viscosity. To account for this effect, we evaluate the maximal relative stretch, λ max , of a molecule given as the square root of the number of Table 2 Parameters for oligomer-diluted NMMD polystyrenes from Huang et al. (2013a, b) θ is the weight fraction of the long chain in the dilution. T is the temperature of the extensional measurements. a T is the time-temperature superposition shift factor from T to 130 • C Kuhn steps between entanglements. The Kuhn step length, (M K ) defined in terms of molecular weight, is 0.6 kg/mol (Fang et al. 2000) for polystyrene. As the Kuhn step length does not change with dilution λ 2 max = M e,θ /M K = 22/θ . To handle the transition to the maximum extensibility, we use a relative Padé approximation of the nonlinear spring coefficient (Cohen 1991) . The relative Padé inverse Langevin function (Ye and Sridhar 2005) 
. Added into Eqs. 15 and 16, these are represented as follows:
and (Ye and Sridhar 2005) , respectively. The prediction of these two models is presented in Fig. 5 . The figure shows the start up of extensional data from Fig. 4 (Huang et al. 2013a ). At high rates, the models give similar results and are both in agreement with the measured startup of extensional viscosity. The difference is at intermediate rates where the Rouse type of model in Eq. 18 still over-predicts the viscosity severely, where the CIP model (17) gives a good agreement with the measurements. The amount of diluent in a sample is important. It can be argued that a diluent concentration of 1 − θ = 0.56 is fairly large as one would expect a contribution to the stress from the interaction in between the long polymer chains, which is not present in the CIP model in Eq. 17. We undoubtedly would see it in the limit of vanishing concentration of diluent where the physics of a pure melt will appear. In Fig. 6 , similar measurements as in Fig. 5 are shown, decreasing the concentration of the PS2k diluent to 1 − θ = 0.28. The reduction of the solvent concentration with this factor of two changes the Rouse time but seems not to change the underlying physics. In Fig. 6 , we do see the same extensional dynamics as in the previous Fig. 5 . The pure melt dynamics represented by Eq. 2 are severely below and the Rouse type of extensional dynamics in Eq. 18 above the data. The CIP model is capable of predicting the measured viscosities. The amount of diluent needs to be reduced even more to create a significant deviation from the CIP assumption. Figure 7 shows the agreement of the CIP model in Eq. 17 with the start-up data of a 58 % PS545k in 42 % PS2k measured by Huang et al. (2013a) . This sample contains 23.8 entanglements which is considerably higher than the 9.4 and 15.4 in Figs. 5 and 6, respectively. These entanglement numbers are measured by Huang et al. (2013a) . The 47.5 % PS545k in 52.5 % PS4k sample has about 21.5 entanglement Huang et al. (2013b) . This is about 10 % less than the 23.8 entanglements sample in Fig. 7 . Theoretically, the 21.5 entanglement dynamics are therefore characterized by slightly larger τ max /τ R and λ max compared to Fig. 7 . These changes are too small to distinguish experimentally between the two samples. The PS4k oligomer contains 7.3 Table 2 using Eq. 4 Table 2 using Eq. 4 Kuhn steps. It is a fairly long chain in term of Kuhn steps but still considerably less than the entanglement length but larger than the 3.3 Kuhn step of the the PS2k oligomer.
Comparing with the CIP model in Fig. 8 , we obtain a good agreement with the start-up of extension data from Huang et al. (2013b) , indicating an independency in the length of the oligomer on the flow physics. This independency is only for an increasing number of Kuhn steps. As concluded in Rasmussen and Huang (2014) , the Rouse type of behaviour in Eq. 18 seems to represent the flow physics of a dilution with an oligomer containing less than two Kuhn step. An oligomer with less than two Kuhn steps is no longer a chain and it is functioning as a solvent.
It is of course important that the used constitutive approach represents an appropriate description of the flow physics, not only in extension but also in shear. There is according to our knowledge no large strain shear experiment available on oligomer-diluted polymers. We have inserted the corresponding start-up of shear flow to the extensional experiments in Fig. 6 based on the CIP model (17) in Fig. 9 . These are qualitatively similar to the observed start-up of shear flow of NMMD polymer melts (Schweizer et al. 2004; Auhl et al. 2008; Boukany et al. 2009 ).
Finally, it is important to notice that our particular use of the MSF constitutive concept is not a unique method. Other Table 2 using Eq. 4 constitutive approaches are likely to achieve similar results (Dhole et al. 2009; van Ruymbeke et al. 2010) . See also the work by Yaoita et al. (2011) . Table 2 using Eq. 4 Fig. 9 The startup of extensional as in Fig. 6 where the data are measured on the PS285k/PS2k sample with θ = 0.72 (Z = 15.4) from Huang et al. (2013a) . The dashed lines are the startup of the shear viscosity, η + , as a function of the time, t, at the same value of the shear ratesγ as the extensional rates in Fig. 6 . The dotted lines are the linear viscoelastic predictions based on the parameters listed in Table 2 using Eq. 4
Summary and conclusion
We have derived a constitutive equation to predict the flow dynamics of oligomer-diluted monodisperse polymers, if the length of the diluent has at least two Kuhn steps. Particularly, the nonlinear dynamics have been explained as a consequence of a constant interchain pressure, originating from the short polymer chains, upon the tube containing the long chains. The constitutive equation has shown quantitative agreement with the extensional experiments on styrene oligomer diluted nearly monodisperse polystyrenes from Huang et al. (2013a) . The lengths of the diluents were at least two Kuhn steps. These polymer systems have a flow dynamics which distinguish from pure monodisperse melts and solutions thereof, if the solvent has less than two Kuhn steps, e.g. is not a chain.
Common polymer melts are polydisperse materials. They contain in most cases a fraction of polymers which are in a random state, as the time dynamics of the short chains in the melt usually are much faster than the flow. Furthermore, these polymer melts do normally not contain solvents. This also includes oligomers with less than two Kuhn steps. Common polymer melts neither belong to the monodisperse type of melts nor are a solution. An oligomer, with a length of at least two Kuhn steps, diluted polymer melt represents an idealized polymer melt system.
